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The constant-roll inflation with small positive value of the constant-roll parameter β ≡ φ¨
Hφ˙
=
const. has been known to produce a slightly red-tilted curvature power spectrum compatible with
the current observational constraints. In this work, we shed light on the constant-roll inflation
with negative β and investigate how a stage of constant-roll inflation may realize the growth in the
primordial curvature power spectrum necessary to produce a peaked spectrum of primordial black
hole abundance. We first review the behavior of constant-roll models in the range of parameters
− 3
2
< β < 0, which allows for a constant-roll attractor stage generating a blue-tilted curvature power
spectrum without superhorizon growth. As a concrete realization, we consider a potential with two
slow-roll stages, separated by the constant-roll stage, in a way that satisfies the current constraints
on the power spectrum and the primordial black hole abundance. The model can produce primordial
black holes as all dark matter, LIGO-Virgo events, or OGLE microlensing events. Due to the range
of different scalar tilts allowed by the constant-roll potential, this construction is particularly robust
and testable by future observations.
I. INTRODUCTION
Primordial black holes (PBH) can be generated from
the direct collapse of a local peak of primordial pertur-
bations (from the tail of their distribution) at horizon
reentry, if their amplitude is sufficiently large. Masses of
PBHs vary depending on the time of reentry at primor-
dial epoch e.g. during radiation domination, and hence
the denomination “primordial”. PBHs can fill a number
of interesting roles (for a review see [1–3]), such as consti-
tuting all or a fraction of dark matter, or being the origin
of the LIGO-Virgo binary black hole merger events [4, 5]
or OGLE 5-year microlensing events [6], for the latter
of which a potential connection to “Planet 9” was also
considered [7].
It was clarified that asking for a sharp increase in the
power spectrum responsible for production of PBHs in
canonical single-filed inflation requires to go beyond the
standard slow-roll (SR) scenario where φ¨
Hφ˙
≈ 0 [8]. A
scenario that has been explored in this context is ultra-
slow-roll (USR) [9, 10], which allows, with the relation
φ¨
Hφ˙
= −3 and through an extremely flat potential, for a
scalar spectral tilt ns − 1 = 3. In addition to its intrin-
sic interest, USR has been found in [8, 11] to be a good
modelization of inflection-point-type potentials (notably
[12]), also believed to produce a spike in the scalar power
spectrum. The transient stage of USR is characterized
by a growing mode of curvature perturbation on super-
horizon scales, which indeed allows for a steep growth
of the power spectrum. However this is by no means a
necessary condition for a peak on small scales.
In the present work, we concentrate instead on a
broader class of models, the constant-roll (CR) infla-
tion, which generalizes SR and USR, allows for red-
/blue-tilted spectrum, and does not necessarily yield the
growing superhorizon mode [13]. The constant-roll mod-
els possess exact solutions, for which the constant-roll
condition, φ¨
Hφ˙
≡ β = const. for canonical inflation, is
exactly satisfied [14–17] (see also [18–20] for earlier at-
tempts). The canonical constant-roll inflation with pa-
rameter β ≈ 0.015 generates red-tilted spectrum com-
patible with CMB constraints [14, 15] (see also [21]). On
the other hand, the dynamics of the inflaton with a dif-
ferent range of the constant-roll parameter has been also
extensively studied recently [22–24].
In this work, we focus on the constant-roll inflation
with the parameter range − 32 < β < 0 and apply it to
the generation of PBHs. We show that it indeed offers
an alternative to the transient USR stage as a way to
increase the power spectrum rapidly, which in turn may
help model the generation of PBHs. With this parameter
range, we can obtain not only the tilt ns − 1 = 3 of the
scalar power spectrum in the USR limit, which is the
steepest value assuming the SR pre-transient stage [25]
(note that an even steeper tilt was found in [26], making
use of a non-SR pre-transient stage), but also various
blue tilts with 0 < ns − 1 < 3. In contrast to USR
model, we do not have superhorizon growth of curvature
perturbations. The possibility to adjust the tilt is also
interesting in that it renders the PBH production more
robust to other observations. Near-future observations
will provide precise constraints on the primordial power
spectrum on small scales, which will allow us to test the
constant-roll scenario.
This paper is organised as follows. In Sec. II, we re-
view the CR scenario and the properties of its primordial
power spectra. In Sec. III, we explore a three-stage po-
tential, in particular considering constraints on the cur-
vature power spectrum. In Sec. IV we show with a three-
stage potential how a viable PBH abundance can be pro-
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2duced. Finally, in Sec. V we discuss our results.
II. BLUE-TILTED SPECTRUM FROM
CONSTANT-ROLL
In this section we review the canonical constant-roll in-
flation [14]*1 and the possibility of obtaining a blue-tilted
spectrum. We first review the constant-roll background
dynamics in Sec. II A, in particular for the parameter
region − 32 < β < 0, and then scalar and tensor pertur-
bations in Sec. II B.
A. Background dynamics
The dynamics of canonical single-field inflation is gov-
erned by the Einstein equations
3M2PlH
2 =
1
2
φ˙2 + V (φ) , (1)
−2M2PlH˙ = φ˙2 , (2)
and the Klein-Gordon equation
φ¨+ 3Hφ˙+ Vφ = 0 , (3)
where MPl ≡ (8piG)−1/2 is the reduced Planck mass,
a(t) is the scale factor of a flat Friedmann-Lemaˆıtre-
Robertson-Walker spacetime with the measure ds2 =
−dt2 +a2(t)δijdxidxj , H ≡ a˙/a is the Hubble rate of ex-
pansion, an upper dot denotes a derivative w.r.t. t, and
derivatives of the potential are denoted with subscripts,
i.e. Vφ ≡ ∂V/∂φ.
In the standard slow-roll approximation one neglects
φ¨ in (3), whereas in the ultra-slow-roll inflation one sets
Vφ = 0. Hence they correspond to requiring
φ¨
Hφ˙
≈ 0
or φ¨
Hφ˙
= −3, respectively. The constant-roll inflation
generalizes these cases, and is defined by a constant rate
of roll
β ≡ φ¨
Hφ˙
!
= const. , (4)
where β is a constant parameter characterising the
model. (In other works on CR inflation other notations
have been used, notably α ≡ −(3+β) in [14] and η ≡ −β
*1 Our definition of constant-roll is the condition (4), based on the
original work [13, 14]. Note that some variant of the CR condi-
tion has been considered in the literature, e.g. in [27] the case
φ¨
Hφ˙
∼ const. . −3 was considered to describe a potential with a
small barrier. Within the scope of the present work, this situa-
tion can indeed be understood as an approximate CR behavior.
However, since the CR parameter space and the potential stud-
ied are rather different, the respective conclusions are a priori
independent.
in [24].) In particular, the SR limit corresponds to β → 0,
and the USR limit is β → −3. Depending on the value
of β, the CR condition (4) leads to several sets of po-
tential and background evolution, which can be obtained
as exact solutions of the system of differential equations
by using the Hamiltonian-Jacobi formalism. A cos-type
potential with β ≈ 0.015 generates a slightly red-tilted
spectrum with a small tensor-to-scalar ratio compatible
with the latest observational constraints [14, 15]. On the
other hand, here we focus on a cosh-type potential for
β < 0 (see Eq. (19) of [14]) i.e.
V (φ) = 3M2M2Pl
{
1− 3 + β
6
[
1− cosh
(√
2|β| φ
MPl
)]}
,
(5)
for which the exact solution for the background evolution
is given by
φ = MPl
√
2
|β| ln
[
coth
( |β|
2
Mt
)]
, (6)
H = M coth(|β|Mt), (7)
where M is the energy scale of inflation. Out of all pos-
sibilities, we focus here on the range − 32 < β < 0, which
allows for frozen super-Hubble curvature modes and a
blue-tilted power spectrum, as reviewed further on.
While the CR potential (5) allows the exact solu-
tion (6), the background evolution of the inflationary
system for various initial conditions has to be checked nu-
merically. For convenience in the numerical integration,
we use dimensionless variables ϕ ≡ φ/MPl and h ≡ H/M ,
and the e-folding number N ≡ ln aai . Solving for a range
of initial conditions {ϕ(0), ϕ′(0)} with a prime denoting
the derivative w.r.t. N , we obtain the phase space tra-
jectories that characterize the background dynamics. It
was clarified in [24] that for the CR potential for a given
value of β < −3/2 the numerical integration shows that
the value of φ¨
Hφ˙
approaches to −(3 + β), and hence in
that case (including USR with β = −3) the CR ana-
lytical solution (6) is not the attractor solution. In the
present case, with − 32 < β < 0, the CR analytical solu-
tion (6) is the attractor of the system, which can then be
simply used to deduce the behavior of other quantities
of interest. To illustrate the dynamics for the parameter
range we are interested in, we depict in Fig. 1 the phase
space trajectories for β = −1.4 and the corresponding
CR analytical solution.
For further convenience, and in order to further char-
acterize the dynamics, one may estimate using the ana-
lytical solution (7) the slow-roll parameters in the Hubble
hierarchy n (n = 1, 2, 3, · · · ), defined as customary
1 ≡ − H˙
H2
, n+1 ≡ ˙n
Hn
. (8)
While |n|  1 for the SR case, for the CR solution (7) for
β < 0, these parameters approach (in the limit N  1)
3-4 -2 0 2 4-4
-2
0
2
4
φ
φ'
FIG. 1. Phase space evolution of the inflaton for the poten-
tial (5) with β = −1.4, where ϕ ≡ φ/MPl and ϕ′ ≡ dϕ/dN .
The analytical CR solution (6) (dashed black) is the attractor
solution since in this case − 3
2
< β < 0.
[14]
21 = 2n+1 ' −2βa2β , 2n ' 2β . (9)
In particular, 2n may take a non-negligible, asymptoti-
cally constant value, while the odd-indexed parameters,
instead, quickly become very small. Hence, the asymp-
totic behavior is 21 = 2n+1 → 0 and 2n → 2β, which
is actually the same as those at the limit Mt → −∞ of
the CR model for β > 0 with the cos-type potential.
In general, the production of PBHs as DM in canonical
single-field inflation requires the no go of slow roll [8]
− ∆ ln 1
∆N
> O(1). (10)
Using the slow-roll parameters (9), this condition reads
−2β > O(1). The USR β = −3 is a particular example
that satisfies the condition. More generally, it is actually
possible for the CR scenario with general β to satisfy this
requirement.
The previous results allow us to estimate
1
z
d2z
dτ2
= a2H2
(
2− 1 + 3
2
2 +
1
4
22 −
1
2
12 +
1
2
23
)
' (1 + β)(2 + β)
τ2
≡ ν
2 − 1/4
τ2
, (11)
where τ is the conformal time with dt = a dτ , z ≡ a√1,
and ν ≡ |β + 3/2|. Here, the first equality exactly holds
without any approximation, and the' sign holds when 1
and 3 are negligible and 2 ' 2β. This result is useful for
characterizing the perturbation equations (see Sec. II B).
As a preparation for the numerical study of perturba-
tions, one may also ask how well the CR analytical so-
lution approximates a generic field-space trajectory. To
answer this question we check the evolution of 1a2z
d2z
dτ2 for
different initial conditions, and find that the analytical
solution supports a wide basin of attraction (see Fig. 2)
and that it is reached within O(1) e-folds. Therefore,
even if one starts from initial conditions that are away
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FIG. 2. Evolution of the background contribution (11) to the
Mukhanov-Sasaki equation (12) for β = −1.4 with various
sets of initial conditions. All converge within O(1) e-folds
towards the analytical solution.
from the attractor solution, after several e-folds, the an-
alytical solution describes the system very well.
B. Primordial power spectra
The curvature perturbations in Fourier space follow
the Mukhanov-Sasaki (MS) equation
d2vk
dτ2
+
(
1
z
d2z
dτ2
+ k2
)
vk = 0 , (12)
where the first term in the parenthesis was determined
in (11). The friction term is removed by using the MS
variable vk ≡
√
2MPlz ζk, instead of directly using the
curvature perturbation ζk in the comoving gauge. When
working in dimensionless variables, it is convenient to use
k˜ ≡ k/M . Finally, the initial condition for each mode
function is taken to be the Bunch-Davies one, i.e.
vk
∣∣
kτ→−∞ =
1√
2k
e−ikτ . (13)
Using Eq. (11), which defines the constant ν, one may
predict the scalar curvature power spectrum. As con-
firmed in [13, 14], for β > −3/2 the superhorizon solution
of curvature perturbations consists of a constant and a
decaying mode, and there is no superhorizon evolution
in contrast to the case of USR. Hence, it is possible to
maintain a CR stage for a long time without incurring
an excessive growth of perturbations. Given the stan-
dard form of (11), the mode functions are given by the
Hankel functions of the first type, i.e. [14]
vk(τ) =
√−piτ
2
H(1)ν (−kτ) . (14)
4Then the scalar power spectrum is given by the standard
result
∆2ζ(k) ≡
k3
2pi2
|ζk|2 = H
2
8pi2M2Pl1
22ν−1Γ(ν)2
pi
(
k
aH
)3−2ν
,
(15)
where |ζk| is evaluated at the horizon exit assuming that
it is frozen on superhorizon scales. From this expression
one can predict the tilt of the scalar power spectrum as
ns − 1 = 3− 2ν = 3− |2β + 3| . (16)
Therefore, naively it would imply that the power spec-
trum is scale-invariant for β = 0 or −3, i.e. SR or USR,
red tilted for β < −3 or β > 0, and blue tilted for
−3 < β < 0.
However, a caveat is that the power spectrum (15) is
evaluated at the horizon exit. For β < −3/2 the curva-
ture perturbation actually grows on superhorizon scales
until the end of the CR stage, which should be taken into
account for the evaluation of the amplitude and tilt of the
final power spectrum, in addition to the above calcula-
tion evaluated at the horizon exit. As emphasized above,
it is also important to note that the CR (or USR for the
limit β → −3) solution for β < −3/2 is not the attractor
solution.
On the other hand, the CR models with β > −3/2
are closer to the standard one since it does not have the
above subtleties. From (16) we see that β ≈ 0.015 can
indeed explain the observed red-tilted spectrum ns ≈
0.97 [14, 15]. Here, instead, we focus on a possibility
for the CR stage to produce a blue-tilted spectrum on
small scales, and hence focus on the parameter range
−3/2 < β < 0, for which the CR solution is the attractor
and the spectrum is blue with the tilt 0 < ns−1 < 3 with
curvature perturbation frozen on superhorizon scales.
The adjustable blue tilt in the CR inflation is useful
for PBH production within the framework of canonical
single-field inflation, which shall be discussed in more de-
tail in Secs. III and IV below.
One may repeat the previous steps for tensor pertur-
bations, yielding a scale-invariant spectrum [14]
∆2t (k) =
2H2
pi2M2Pl
. (17)
III. CONSTRUCTING A MULTI-STAGE
POTENTIAL
Building upon the results reviewed in Sec. II, in this
section we construct a potential that transits from a stan-
dard SR potential, which we here choose as the Starobin-
sky inflation [28], which is favored by the Planck CMB
data, to the CR potential (5) responsible for producing
a blue tilt, and then to the final SR stage that impedes
the overproduction of PBHs and leads to end of infla-
tion. The first SR stage allows to satisfy the CMB con-
straints *2 while having a chance to produce PBHs from
the CR stage. The Starobinsky potential in the Einstein
frame is given by
VSR1(ϕ) = m
2M2Pl
(
1− e−
√
2/3(ϕ−ϕs)
)2
, (18)
where m is the mass scale of the Starobinsky stage of
inflation. Here we shifted the potential by a constant ϕs
to adjust the transition to the CR stage. Since we are
mostly interested in the peak value of the power spectrum
generated during the CR stage as well as in the typical
behavior at the transition, and less in what occurs during
the later stage of inflation, we simply approximate the
second SR stage by a linear potential
VSR2(ϕ) 'WSR2 ϕ+ ΛSR2 , (19)
with WSR2, ΛSR2 = const. For a more realistic model one
should instead implement a potential that smoothly tran-
sitions to a stage of reheating, which is however beyond
the scope of the present paper. Finally, as a phenomeno-
logical model for the transitions, we employ a tanh-type
smooth step-function,
Θ˜d(x) ≡ 1
2
[
1 + tanh
(x
d
)]
, (20)
with an adjustable width d.
The previous considerations lead ultimately to the full
potential
V (ϕ) ≡ VCR(ϕ)Θ˜d1(ϕ1 − ϕ)Θ˜d2(ϕ− ϕ2)
+ VSR1(ϕ)Θ˜d1(ϕ− ϕ1)
+ VSR2(ϕ)Θ˜d2(ϕ2 − ϕ) , (21)
with ϕ1 > ϕ2, where d1 and d2 are two constants deter-
mining the width of the first and second transitions. The
potential VCR(ϕ) denotes the CR potential (5) expressed
as a function of ϕ ≡ φ/MPl. The potential (21) for the
parameter set (22) below is represented in Fig. 3.
We set initial conditions and adjust the transition pe-
riod to make the scalar and tensor power spectra gener-
ated during the first SR stage compatible with observa-
tional constraints. In order to obtain the first transition
approximately at the intended ϕ1, we adjust ϕs and the
ratio m/M . In particular, it is convenient to minimize
the difference in the slope of the potential between the
first SR and CR stages. One may also adapt the width
of the transition, which we keep relatively small in this
work.
*2 Note that alternatively one may consider a two-field model such
as a curvaton scenario [29–31], in which the curvaton would dom-
inate the perturbation spectrum on CMB scales, and the CR field
produces blue tilted spectrum on small scales. In this work we
do not explore further this simple alternative.
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FIG. 3. The three-stage potential (21) with its different con-
tributions, leading to the first SR stage for ϕ & ϕ1, then the
CR stage for ϕ1 . ϕ . ϕ2, and finally the second SR stage
for ϕ . ϕ2. The parameters are chosen as in (22).
To fix the details of the second transition from CR to
SR, one needs to consider the PBH distribution func-
tion. The second transition should indeed let the power
spectrum decrease shortly after reaching the threshold
amplitude for sufficient PBH production. This guaran-
tees that the PBH mass distribution is peaked enough to
satisfy the thin windows allowed by current constraints,
and also that the curvature power spectrum satisfies con-
straints on smaller scales. Leaving the details of the
PBH distribution to Sec. IV, we specify here how to
fix the parameters in the potential: The two constants
WSR2 and ΛSR2 are fixed in such a way that the po-
tential is continuous at ϕ = ϕ2 in the limit d2 → 0,
i.e. VCR(ϕ2) = WSR2ϕ2 + ΛSR2 yet that the slope of the
potential increases enough to guarantee a drop in the
power spectrum, i.e. V ′CR(ϕ2) < WSR2; d2 is fixed such
that the second transition is short enough (since the field
value becomes exponentially small in N during CR).
As an example realization, demanding that
β = −1.4 , m
2
M2
= 3.13,
WSR2
V ′CR(ϕ2)
= 5 ,
ϕs = −5 , ϕ1 = 0.175 ϕ2 = 4.5× 10−6 ,
d1 = 10
−2, d2 = 10−7, (22)
yields the potential and the background evolution shown
in Figs. 3 and 4, respectively. In Fig. 4, while SR stages
are simply characterized by |1,2|  1, the CR stage is
recognized by representing the condition (4). Each tran-
sition lasts for O(1) e-folds. In particular the ratio m/M ,
as well as ϕ1 and ϕ2 were fixed from the requirement
of the first transition occurring about 5 e-folds after the
CMB scales exit the horizon to satisfy the observational
constraints, and the second transition occurring after suf-
ficient e-folds of CR to produce a chosen abundance of
PBHs (see Sec. IV for more details).
Turning to perturbations, the same set of parameters
(22) leads to the curvature power spectrum of Fig. 5. As
0 5 10 15 20 25 30
10-1210-10
10-810-6
10-40.01ϵ 1
SR1 CR SR2
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FIG. 4. Numerical evolution (black) of the first two SR
parameters 1,2 and the ratio ϕ¨/(Hϕ˙) for the set of parame-
ters (22). The analytical CR asymptotic values are also repre-
sented (dashed, green). For these background quantities, the
transitions last O(1) e-folds. The colored areas correspond to
the respective stages of our model (SR1, CR, SR2 ).
for modes that exit the horizon during the first SR stage,
scalar and tensor perturbations satisfy the observational
constraints. As expected, the power spectrum on scales
that exit the horizon during the CR stage is enhanced
up to ∆2ζ = O(10−2) to produce PBHs. The analytically
predicted spectral tilt depicted as dashed line in Fig. 5
fits the numerical result well.
The transient behavior in the background shown in
Fig. 4 is reflected to oscillations in the power spectrum
in Fig. 5. The power spectrum stabilizes to a nearly con-
stant tilt after the oscillatory behavior lasting O(1) mag-
nitude orders of k. This oscillation can be understood
as follows. As is shown in Fig. 4, both the transition
from SR1 to CR and that from CR to SR2 are in fact
characterized by the sharp increase in 1 at the end of
the transient regimes. The increase causes a time depen-
dence of the mass term 1a2z
d2z
dτ2 , leading to oscillations
in the evolution of the norm of each complex curvature
modes that cross the horizon at the transitions. This
leads to an elongated inspiral of the mode in the com-
plex ζ plane, which appears as oscillations in the power
spectrum.
As shown in Fig. 5, the power spectrum should satisfy
observational constraints on different scales, in particular
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FIG. 5. Scalar curvature power spectrum for the set of pa-
rameters (22) along with the constraint on the scalar tilt
and tensor-to-scalar ratio on CMB scales. The power spec-
trum respects the observational constraints such as that from
Planck CMB measurements [32], µ-distortions (reproduced
from [25]), the European Pulsar Timing Array (EPTA) [33],
or big bang nucleosynthesis (BBN)-related measurements [34].
The latter two constraints are reproduced from [35]. Oscil-
lations affect the power spectrum near both transitions, for
an effect lasting O(1) orders of magnitude in k. The col-
ored three stages of our model (SR1, CR, SR2 ) are repre-
sented according to the horizon crossing scales, i.e. the scale
kcross(N) ≡ a(N)H(N), where N is chosen in accordance to
the same zones as Fig. 4.
the most stringent one on CMB scales. We consider here
the Planck CMB measurements [32], which constrain the
power spectrum, its tilt and the tensor-to-scalar ratio,
the µ-distortion (reproduced from [25], and note that y-
distortion will place a constraint on scales between those
constrained by CMB and µ-distortion, which does not
affect the constraint on scalar tilt in the present case), as
well as, along the lines of [35], observations from the Eu-
ropean Pulsar Timing Array (EPTA) [33], big bang nu-
cleosynthesis (BBN)-related measurements, and aLIGO
measurements.
One may notice that in Fig. 5 the scalar power spec-
trum remains at ∆2ζ ∼ 10−3 on small scales after the
peak. This originates from the linear approximation (19)
of the second SR potential VSR2(ϕ). As mentioned above,
a more realistic choice of VSR2(ϕ) will transition to a
reheating stage, and will lead to a different small-scale
power spectrum. However, the PBH production primar-
ily depends on the peak value of the power spectrum on
scales that exit the horizon during the CR stage. For
this purpose the linear approximation (19) of the poten-
tial VSR2(ϕ) is sufficient.
One may also notice, on the latter half of the sharp
increase of the power spectrum of Fig. 5, that there is a
gradually increasing deviation from the tilt expected for
a pure CR case. This behaviour can be understood as
follows. In general, curvature modes continue to evolve
a few e-folds after the horizon exit. Without the tran-
β = -1.4 (ns > nμ+CMB )β = -0.25 (ns < nμ+CMB )β = -0.83 (ns = nμ+CMB )
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FIG. 6. The scalar power spectrum for three different values
of β are impacted differently by the Planck and µ-distortions
constraints. The intermediate case β = −0.83 has both the
CMB and the µ-distortion constraints being relevant. Other
constraints on smaller scales (not shown here), such as those
from gravitational waves, will have an impact for the lower
tilt values (see e.g. Fig. 7).
sition from CR to SR2, this evolution would allow the
modes continue to grow and reach to the analytical pre-
diction. In the presence of the transition, this evolution
is prevented, which causes the suppression of the power
spectrum observed in Fig. 5. Since the CR to SR2 tran-
sition occurs close to the horizon exit on small scales, the
amount of would-be enhancement prevented by the tran-
sition increases. This is the reason why the suppression
becomes larger on small scales in Fig. 5.
As highlighted in Sec. II, the blue tilt of the scalar
power spectrum is adjustable for the CR inflation, which
is one of the differences from the USR inflation. Hence,
one can obtain different ranges of PBH masses depend-
ing on the value of β. First, in order to reach the largest
PBH masses, one should consider large values of the tilt
ns, therefore the limit β → − 32 . On the other hand,
a milder tilt will lead to smaller PBH masses. Once β
is chosen, other parameters are adjusted to fit the con-
straints. Depending on the value of the tilt, different sets
of observational constraints will be relevant when calcu-
lating the maximum PBH mass (which is simply related
to the largest scale at which the amplitude of the pertur-
bations reaches the threshold value ∆2ζ,PBH ≈ 10−2).
As an example, let us focus on the constraint on the
power spectrum from CMB and µ-distortions. Assum-
ing a transition of ∼ 1 order of magnitude in terms of
wavenumber (indeed, one cannot simply connect both
constraints, due to the oscillations in the curvature power
spectrum that occur at the transition), we can estimate
the critical tilt
nµ+CMB ≈ 2.7 . (23)
corresponding to β = −0.83 at which both constraints
(primarily upper bounds on ϕ1) from CMB and µ-
distortion are marginally satisfied, as depicted in Fig. 6.
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FIG. 7. Scalar power spectrum for the three-stage poten-
tial (21) for values of β corresponding to quasi-maximum and
quasi-minimum tilts (solid and dashed, respectively) for each
peak. Modes that exit the horizon during the first SR stage
corresponds to the CMB scales, while the intermediate CR
stage allows for the power spectrum to increase up to the
threshold for PBH production. Here the only restriction on
the final SR stage is that the slope of the potential increases
enough to ensure a slight drop of the power spectrum after it
reaches the threshold.
For tilts larger than nµ+CMB, the principal constraint will
be that from µ-distortions. On the other hand for models
with ns < nµ+CMB, the CMB, as well as other small scale
constraints (such as that from gravitational waves) will
constrain the maximum PBH mass. This highlights the
fact that the CR inflation accommodates various possibil-
ities of PBH production within the framework of single-
field inflation, and that it is robust to future improve-
ments of observational constraints and/or detections.
IV. PRIMORDIAL BLACK HOLE
PRODUCTION
In Sec. III we presented the three-stage potential (21)
that transits as SR1→ CR→ SR2, and highlighted that
it allows various blue-tilted scalar spectra with the ad-
justable scalar spectral tilt. In this section we connect
these results to PBH abundance and compare it with ob-
servational constraints.
To obtain the PBH abundance, we follow the treat-
ment of [36] (and references therein) that models the
collapse of an overdense region with some simplifying as-
sumptions. The procedure consists in first evaluating the
variance [37]
σ2(MPBH(k)) =
16
81
∫
d ln qW 2(q/k) (q/k)
4
∆2ζ(q) ,
(24)
of the density contrast for the PBH mass of MPBH(k)
coarse-grained by a window function W (x), which we
take the Gaussian W (x) = e−x
2/2. It then allows for
an estimation within Gaussian statistics of the formation
rate
βPBH(MPBH) ' 1√
2pi
σ(MPBH)
δc
e
− δ
2
c
2σ2(MPBH) (25)
where the PBH mass MPBH is related to the wavenumber
k via
MPBH(k)
1020g
'
( γ
0.2
)( g∗
106.75
)− 16 ( k
7× 1012Mpc−1
)−2
,
(26)
in which g∗ is the number of relativistic degrees of free-
dom at PBH formation, and the factor γ relates the cos-
mological horizon mass to the mass of the corresponding
PBH. The latter factor depends on the particulars of the
formation process and has been the subject of research,
see e.g. [38], but we do not favor any specific value here,
since several other parameters (note the large sensitivity
on the details of the inflationary background) have still
large error margins. Finally, the abundance of PBH over
logarithmic mass intervals can be approximated by
fPBH(MPBH) ≡ ΩPBH(MPBH)
Ωc
(27)
=
(
β(MPBH)
8× 10−15
)(
0.12
Ωch2
)( γ
0.2
) 3
2
(
106.75
g∗
) 1
4
(
MPBH
1020g
)− 13
.
Again, the calculations here can only be taken as rough
approximations. Some approximations taken here (and
thus partly in [36]) are that of spherical symmetry, con-
stant PBH mass after formation neglecting accretion and
merger, and g∗ being almost equal to g∗s. However, these
estimations are sufficient to show the effectiveness of the
PBH production in the CR model.
Using the above relations, we convert various blue-
tilted scalar power spectra shown in Fig. 7 to the PBH
abundances depicted in Fig. 8. Exact values of parame-
ters characterizing the potential (21) employed for Figs. 7
and 8 are listed in Appendix A. We set other parameters
as the same proxy values (e.g. γ = 0.2, etc.) as given in
(26) and (27).
The possibility to adjust the tilt of the power spec-
trum renders the CR model robust to observations. Al-
though the tilt of the power spectrum may be changed,
this only marginally affects the width of the PBH distri-
bution function. In particular for large PBH masses, this
is limited by the widest range of tilts allowed by the dif-
ferent constraints on the scalar power spectrum. While
a marginal difference may be produced nevertheless, as
seen in Fig. 8, for a given set of the PBH mass and abun-
dance, the CR model allows a range of the scalar tilt. In
Fig. 7 are shown large tilt with β = −1.4, which is close
to the maximum tilt with β → −1.5, and quasi-minimum
tilt for each peak.
In Figs. 7 and 8, we focused on three different PBH
mass scales, each of which corresponds to PBHs as LIGO-
Virgo events (red), OGLE events (purple), and all dark
matter (green), the first two of which could be possible
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FIG. 8. PBH abundance for several values of β, with the same
parameters as in Fig. 7. Diverse observational constraints are
represented, including that on extra-galactic radiation (EGγ)
[1], femto-lensing [39] long-livedness of white dwarfs (WD)
[40], microlensing by the Subaru HSC [41], Kepler [42] and
by EROS-2 and previous related searches [43], the survival
of ultra-faint dwarf (UFD) galaxies [44], and the accretion
on the CMB [45–48]. We also include the allowed parameter
space assuming a detection by OGLE [6].
detections of primordial black holes. First, the LIGO-
Virgo black holes, which, if shown to be PBHs, would
necessitate the abundance fPBH ∼ 10−3 at about 30M
[5]. In particular, the red solid line corresponds to the ex-
ample set of parameters (22). Next, OGLE reported a se-
ries of observations possibly consistent with PBHs, which
would imply a peaked distribution at fPBH ∼ 10−3/2 at
about 1026−1028 g [6]. We have also chosen to reproduce
this value in Fig. 8. Finally, we provided an example of
peak corresponding to PBH as all dark matter scenario
at the window around 1021 g. Since in this case the re-
quired PBH mass is lightest among the three examples,
the widest range of the scalar tilt is allowed as depicted
in Fig. 7. Since for each case the transient CR scenario
allows various tilts of the power spectrum, it can be dis-
tinguished from the transient USR scenario and be tested
by future observations.
Once more, as explained in Sec. III, constant values of
∆2ζ appeared in Fig. 7 on small scales after the peaks are
not important as they originate from the linear potential
approximation (19) of the second SR stage. Ultimately,
a more realistic potential should be implemented for the
second SR stage to realize a smooth transition to a re-
heating stage, which will also change the small-scale be-
havior of the power spectrum. However, the modification
would not affect the estimation of PBH abundance very
much. The linear potential approximation is also suffi-
cient to extract the typical effect of the transition on the
power spectrum.
V. DISCUSSION
The constant-roll inflation with β ≡ φ¨
Hφ˙
≈ 0.015 has
been known to produce a slightly red-tilted scalar power
spectrum compatible with the observational constraints.
In this work, we have instead shed light on the CR in-
flation with a different parameter range, − 32 < β < 0,
for which a blue-tilted curvature power spectrum is gen-
erated during the CR attractor stage without superhori-
zon growth of curvature modes, and have investigated
how a stage of CR inflation may lead to the production of
PBHs. Indeed, PBHs may be generated once a (mildly k-
dependent) threshold value (approximately ∆2ζ ∼ 10−2)
for the curvature power spectrum is reached, which can
be easily realized in the CR model since the tilt is ad-
justable within the range of 0 < ns − 1 < 3 for the
aforementioned parameter range.
We have constructed a specific potential (21) with
three stages. Indeed, the CR stage generating the blue-
tilted spectrum should be preceded and followed by SR
stages with red tilts in order to satisfy the existing con-
straints on the curvature power spectrum and on the
PBH distribution. We have implemented these three
stages by using a Starobinsky inflation—as a proxy for
a SR stage satisfying the CMB constraints—in the re-
gion φ & φ1, the CR stage in the region φ2 . φ . φ1,
and finally a linear potential approximation in the region
φ . φ2—again a proxy for a SR stage to prevent overpro-
duction of PBHs. The matching positions φ1 and φ2 are
chosen to satisfy various observational constraints and to
partially regulate the PBH mass. We find that it is possi-
ble for the model to satisfy the observational constraints,
and also to induce the PBH abundances necessary in case
of a detection via e.g. the growth of the family of LIGO-
Virgo black holes, or the OGLE microlensing events [6],
or all of dark matter for MPBH ∼ 1021 g.
PBH production in the context of single-field inflation
has already been studied in several realizations, yet our
construction has its own particularities. A stage of the
CR inflation, contrary to models which rely on a tran-
sient USR stage (such as some analyses of the inflec-
tion point potential), in particular has several advan-
tages: that the curvature modes are frozen on superhori-
zon scales as in the standard SR inflation—which reduces
the amount of tuning needed for a desired blue-tilted
stage—, that one does not need to be apprehensive for
a possible ambiguities in the USR model from stochastic
effects on the plateau of the potential, and that the tilt of
the curvature power spectrum can be simply and freely
adjusted. The first and second features make the CR
model theoretically economical, whereas the third one
implies that the CR model is robust to more precise ob-
servations, for instance on the curvature power spectrum.
Conversely, future observations constraining small-scale
power spectrum such as those planned by the next gen-
eration ground- and space-borne gravitational wave ob-
servatories (see e.g. [35]) will allow further observational
tests of our model. We therefore find that the CR model
9is an interesting new way to modelize PBH production
at scales of interest.
Several further questions are left for future works.
First, it would be interesting to investigate non-
Gaussianity of the three-stage CR model. While, a pri-
ori, one may expect that it has a negligible impact on the
PBH production (as is the case within USR, see [49]), a
dedicated study would be appropriate. It would be also
interesting to replace the transitions in the potential by
a multi-field model, such as curvaton scenario, capable
of generating the desired power spectrum on every scale
of interest. Finally, while we focused on the parameter
range − 32 < β < 0 throughout the paper, it would be
interesting to further explore the possibilities offered by
a wider range of CR models.
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Appendix A: Example parameters
In this appendix, we report the parameters used to
obtain the power spectra in Fig. 7, and the PBH abun-
dances in Fig. 8, up to normalization.
MPBH[g] 10
21 1021 1028.5 1028.5 1034.5 1034.5
β − 310 − 75 − 10140 − 75 − 45 − 75
m2
M2
511
165
12940
4131
7770
2497
12940
4131
890
285
12940
4131
WSR2
V ′CR(ϕ2)
2 5 5 5 5 5
ϕs − 10120 −5 −5 −5 −5 −5
ϕ1
177
1238
95
543
95
543
115
596
95
543
95
543
ϕ2 61924988373
1
270396
429
28438807
68
16107079
83
10546385
223
50550681
d1 10
−3 10−2 10−2 10−3 10−2 10−2
d1 10
−7 10−7 10−7 10−7 10−7 10−7
Note that these exact values are only intended as an ex-
ample, and in particular other parameters can yield com-
parable results.
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